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∗-K-G-FRAMES AND THEIR DUALS FOR HILBERT
A-MODULES
S. KABBAJ1, M. ROSSAFI1∗, H. LABRIGUI 1 and A. TOURI1
Abstract. In this paper, we give some new results of the ∗-K-g-frame also
we define her dual and we show their propreties obtained in Hilbert A-modules
and we establish some results.
1. Introduction
Frames were first introduced in 1952 by Duffin and Schaefer [5] in the study
of nonharmonic fourier series. Frames possess many nice properties which make
them very useful in wavelet analysis, irregular sampling theory, signal processing
and many other fields. The theory of frames has been generalized rapidly and
various generalizations of frames in Hilbert spaces and Hilbert C∗-modules.
In this article, we give some new results of the ∗-K-g-frame also we define her
dual and we show their propreties obtained in Hilbert A-modules and we establish
some results.
The paper is organized as follows, in section 2 we briefly recall the definitions
and basic properties of C∗-algebra, Hilbert A-modules, ∗-g-frames and ∗-K-g-
frames in Hilbert A-modules. In section 3, we give some new results of the
∗-K-g-Frame. In section 4, we study the perturbation of ∗-k-g-frames. In section
5, we define the dual of ∗-K-g-frames and in section 6, we investigate tensor
product of Hilbert A-modules, we show that tensor product of dual ∗-K-g-Frame
for Hilbert A-modules H and K, present dual ∗-K-g-Frame for H⊗K.
2. Preliminaries
Let I and J be countable index sets. In this section we briefly recall the
definitions and basic properties of C∗-algebra, Hilbert C∗-modules, frame, ∗-
g-frame ∗-K-g-frame in Hilbert C∗-modules. For information about frames in
Hilbert spaces we refer to [2]. Our reference for C∗-algebras is [4, 3]. For a C∗-
algebra A, an element a ∈ A is positive (a ≥ 0) if a = a∗ and sp(a) ⊂ R+. A+
denotes the set of positive elements of A.
Definition 2.1. [7].
Let A be a unital C∗-algebra and H be a left A-module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A-module if H is
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equipped with an A-valued inner product 〈., .〉A : H × H → A, such that is
sesquilinear, positive definite and respects the module action. In the other words,
(i) 〈x, x〉A ≥ 0 for all x ∈ H and 〈x, x〉A = 0 if and only if x = 0.
(ii) 〈ax+ y, z〉A = a〈x, y〉A + 〈y, z〉A for all a ∈ A and x, y, z ∈ H.
(iii) 〈x, y〉A = 〈y, x〉∗A for all x, y ∈ H.
For x ∈ H, we define ||x|| = ||〈x, x〉A|| 12 . If H is complete with ||.||, it is called a
Hilbert A-module or a Hilbert C∗-module over A. For every a in C∗-algebra A,
we have |a| = (a∗a) 12 and the A-valued norm on H is defined by |x| = 〈x, x〉
1
2
A for
x ∈ H.
Let H and K be two Hilbert A-modules, A map T : H → K is said to be
adjointable if there exists a map T ∗ : K → H such that 〈Tx, y〉A = 〈x, T ∗y〉A for
all x ∈ H and y ∈ K.
From now on, we assume that {Vi}i∈I and {Wj}j∈J are two sequences of Hilbert
A-modules. We also reserve the notation End∗A(H,K) for the set of all adjointable
operators from H to K and End∗A(H,H) is abbreviated to End∗A(H).
Definition 2.2. [6].
Let H be a Hilbert A-module. A family {xi}i∈I of elements of H is a frame for
H, if there exist two positive constants A , B, such that for all x ∈ H,
A〈x, x〉A ≤
∑
i∈I
〈x, xi〉A〈xi, x〉A ≤ B〈x, x〉A. (2.1)
The numbers A and B are called lower and upper bound of the frame, respectively.
If A = B = λ, the frame is λ-tight. If A = B = 1, it is called a normalized tight
frame or a Parseval frame. If the sum in the middle of (2.1) is convergent in
norm, the frame is called standard.
Definition 2.3. [1].
We call a sequence {Λi ∈ End∗A(H,Hi) : i ∈ I} an ∗-g-frame in Hilbert A-
module H with respect to {Hi : i ∈ I} if there exist strictly nonzero elements A,
B in A, such that for all x ∈ H,
A〈x, x〉AA∗ ≤
∑
i∈I
〈Λix,Λix〉A ≤ B〈x, x〉AB∗. (2.2)
The numbers A and B are called lower and upper bound of the ∗-g-frame, re-
spectively. If A = B = λ, the ∗-g-frame is λ-tight. If A = B = 1, it is called a
∗-g-Parseval frame. If the sum in the middle of (2.2) is convergent in norm, the
∗-g-frame is called standard.
The ∗-g-frame operator SΛ is defined by: SΛx =
∑
i∈I Λ
∗
iΛix ,∀x ∈ H.
Definition 2.4. [8].
Let K ∈ End∗A(H). We call a sequence {Λi ∈ End∗A(H,Hi) : i ∈ I} a ∗-K-g-
frame in Hilbert A-module H with respect to {Hi : i ∈ I} if there exist strictly
nonzero elements A, B in A such that
A〈K∗x,K∗x〉AA∗ ≤
∑
i∈I
〈Λix,Λix〉A ≤ B〈x, x〉AB∗, ∀x ∈ H. (2.3)
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The numbers A and B are called lower and upper bound of the ∗-K-g-frame,
respectively. If
A〈K∗x,K∗x〉AA∗ =
∑
i∈I
〈Λix,Λix〉A, ∀x ∈ H. (2.4)
The ∗-K-g-frame is A-tight.
3. Some propreties of ∗-K-g-frames in Hilbert A-modules
In this section we will give some new propreties of ∗-K-g-frames.
Proposition 3.1. .
If {Λi ∈ End∗A(H,Hi) : i ∈ I} is a ∗-K-g-frames with bounds A and B then:
||AK∗f ||2 ≤ ||
∑
i∈I
〈Λix,Λix〉A|| ≤ ||Bf ||2, (∀f ∈ H) (3.1)
conversely, if (3.1) holds, for some A,B ∈ Z(A), and Rangθ of the operator
θ : H 7−→ ⊕i∈IHi defined by θf = {Λif}i∈I, is orthoganally complemented, then
{Λi}i∈I is a ∗-K-g frame.
Proof. ⇒)
Let {Λi ∈ End∗A(H,Hi) : i ∈ I} be an ∗-K-g-frames in Hilbert A-module H
with bounded A et B, then:
A〈K∗f,K∗f〉AA∗ ≤
∑
i∈I
〈Λif,Λif〉A ≤ B〈f, f〉AB∗
〈AK∗f, AK∗f〉A ≤
∑
i∈I
〈Λif,Λif〉A ≤ 〈Bf,Bf〉A
||〈AK∗f, AK∗f〉A|| ≤ ||
∑
i∈I
〈Λif,Λif〉A|| ≤ ||〈Bf,Bf〉A||
||AK∗f ||2 ≤ ||
∑
i∈I
〈Λix,Λix〉A|| ≤ ||Bf ||2, (∀f ∈ H)
⇐) for every f ∈ H we have:
||θf ||2 = ||〈θf, θf〉A|| = ||
∑
i∈I
〈Λix,Λix〉A|| ≤ ||Bf ||2 ≤ ||B||2||f ||2
So, ||θf || ≤ ||B||||f ||
It is clearly that θ is a bounded operator and adjointable with it’s adjoint :
θ∗({fi}i∈I) =
∑
i∈I Λ
∗
i fi
by ([9] theorem 1.1), there existe λ, µ〉0 such that for every f ∈ H :
(
√
λA)〈K∗f,K∗f〉A(
√
λA)∗〈≤
∑
i∈I
Λix,Λix〉A ≤ (√µB)〈f, f〉A(√µB)∗
wich completes the proof. 
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Proposition 3.2. .
If {Λi ∈ End∗A(H,Hi) : i ∈ I} is a ∗-K-g-frames with bounds A and B then:
||AK∗f ||2 ≤ ||
∑
i∈I
〈Λix,Λix〉A|| ≤ ||Bf ||2, (∀f ∈ H) (3.2)
conversely, if (3.2) holds, for some A,B ∈ Z(A), and the rang of the operator
θ : H 7−→ ⊕i∈IHi defined by θf = {Λif}i∈I, is closed then {Λi}i∈I is a ∗-K-g
frames.
Proof. .
similar to the proof of the last proposition. 
Proposition 3.3. .
Let K,L ∈ End∗A(H) and {Λi}i∈I be a ∗-K-g-frame with bounds A et B, then :
1) If U : H 7−→ H is a co-isometrie, such that KU = UK then {ΛiU∗}i∈I is
a ∗-K-g-frame.
2) {ΛiL∗}i∈I is a ∗-LK-g-frame bounds A and B||L|| respectively
3) For any n ∈ N , {Λi(L∗)n}i∈I is a ∗-LnK-g-frame.
4) If Rang(L) ⊆ Rang(K) and K has closed range then {Λi}i∈I is also
∗-L-g-frame.
Proof. .
1) From
A〈K∗f,K∗f〉A∗ ≤
∑
i∈I
〈Λif,Λif〉 ≤ B〈f, f〉B∗, ∀f ∈ H
Since U is a co-isometriy we have:
∑
i∈I
〈ΛiU∗f,ΛiU∗f〉 ≤ B〈U∗f, U∗f〉B∗ = B〈f, f〉B∗, ∀f ∈ H
On the other hand, for any f ∈ H,
∑
i∈I
〈ΛiU∗f,ΛiU∗f〉 ≥ A〈K∗U∗f,K∗U∗f〉A∗
So, we have :
A〈K∗U∗f,K∗U∗f〉A∗ = A〈U∗K∗f, U∗K∗f〉A∗ = A〈K∗f,K∗f〉A∗
Wich proves (1)
2) for any f ∈ H we have:
A〈(LK)∗f, (LK)∗f〉A∗ = A〈K∗L∗f,K∗L∗f〉A∗ ≤
∑
i∈I
〈ΛiL∗f,ΛiL∗f〉 ≤ B〈L∗f, L∗f〉B∗
On the other hand:
B〈L∗f, L∗f〉B∗ ≤ (B||L||)〈f, f〉(B||L||)
we have:
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∑
i∈I
〈ΛiL∗f,ΛiL∗f〉 ≤ (B||L||)〈f, f〉(B||L||)
3) Is trivial by applying (2).
4) If A and B are the ∗-K-g-frame bounds of {Λi}i∈I then by the facts that
Rang(K) is closed and Rang(L) ⊆ Rang(K) and applying ([10]theorem
1) there exists a positive real number λ > 0 such that for all f ∈ H,
λLL∗ ≤ KK∗f . Thus for any f ∈ H we have
(
√
λA)〈L∗f, L∗f〉(
√
λA)∗ ≤ A〈K∗f,K∗f〉A∗ ≤
∑
i∈I
〈Λif,Λif〉 ≤ B〈f, f〉B∗

4. Perturbation of ∗-K-g-frames
In the following, we give some pertubation theorem for ∗-K-g-frames.
Theorem 4.1. .
Assume that K,L ∈ End∗A(H), with Rang(L) ⊆ Rang(K) and K has a close
rang. Let {Λi}i∈I be an ∗-K-g frames with bounds A and B.
If there exists a constant M > 0 such that for all f in H :
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A|| ≤M min {||
∑
i∈I
〈Λif,Λif〉A||; ||
∑
i∈I
〈Γif,Γif〉A||}
then {Γi}i∈I is an ∗-L-g-frames. If K is a co-isometrie, Rang(K) ⊆ Rang(L)
and Rang(L) is closed then the converse is valid
Proof. .
suppose that f ∈ H, so we have :
||
∑
i∈I
〈Γif,Γif〉A||1/2 = ||Γif || = ||Γif − Λif + Λif || ≤ ||Γif − Λif ||+ ||Λif ||
or,
||Γif −Λif ||+ ||Λif || = ||
∑
i∈I
〈(Λi−Γi)f, (Λi−Γi)f〉A||1/2+ ||
∑
i∈I
〈Λif,Λif〉A||1/2
then,
||
∑
i∈I
〈Γif,Γif〉A||1/2 ≤
√
M ||
∑
i∈I
〈Λif,Λif〉A||1/2 + ||
∑
i∈I
〈Λif,Λif〉A||1/2
||
∑
i∈I
〈Γif,Γif〉A||1/2 ≤ (1 +
√
M)(||
∑
i∈I
〈Λif,Λif〉A||1/2)
||
∑
i∈I
〈Γif,Γif〉A||1/2 ≤ (1 +
√
M)(||B||.||f ||)
on the other hand we have:
||
∑
i∈I
〈Λif,Λif〉||1/2 ≤ ||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 + ||
∑
i∈I
〈Γif,Γif〉A||1/2
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||
∑
i∈I
〈Λif,Λif〉||1/2 ≤
√
M ||
∑
i∈I
〈Γif,Γif〉A||1/2 + ||
∑
i∈I
〈Γif,Γif〉A||1/2
||
∑
i∈I
〈Λif,Λif〉A||1/2 ≤ (1 +
√
M)(||
∑
i∈I
〈Γif,Γif〉A||1/2)
thus,
||
∑
i∈I
〈Γif,Γif〉A|| ≥ 1
(1 +
√
M)2
||
∑
i∈I
〈Λif,Λif〉A|| ≥ ||A||
2
(1 +
√
M)2
||K∗f ||2
Then by Proposion 3.2 we obtaint {Γi}i∈I is a ∗-K-g-frame.
Since Range(L) ⊆ Range(K) and Range(K) is close we have by Proposition
3.3 (4), {Γi}i∈I is a ∗-L-g-frame.
Conversaly; suppose that {Γi}i∈I is a ∗-L-g-frame with bounds C et D, we
obtain :
||
∑
i∈I
〈(Λi−Γi)f, (Λi−Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈(Λif, (Λi)f〉A||1/2+||
∑
i∈I
〈(Γif, (Γi)f〉A||1/2
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈(Λif, (Λi)f〉A||1/2 + ||D||.||f ||
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈(Λif, (Λi)f〉A||1/2 + ||D||.||K∗f ||
||
∑
i∈I
〈(Λi−Γi)f, (Λi−Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈(Λif, (Λi)f〉A||1/2+ ||D||||A|| ||
∑
i∈I
〈(Λif, (Λi)f〉A||1/2
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ (1 + ||D||||A|| )||
∑
i∈I
〈(Λif, (Λi)f〉A||1/2
on the other hand we have:
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈Λif,Λif〉A||1/2 + ||
∑
i∈I
〈Γif,Γif〉A||1/2
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈Γif,Γif〉A||1/2 + ||B||.||f ||
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈Γif,Γif〉A||1/2 + ||B||.||K∗f ||
or, we say by [10] theorem 1 : ||K∗f || ≤ λ||L∗f || since Range(K) ⊆ Range(L)
and Range(L) is closed
according to who precedes:
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ ||
∑
i∈I
〈Γif,Γif〉A||1/2 + λ||B||.||L∗f ||
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||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A||1/2 ≤ 1 + λ||B||||C|| ||
∑
i∈I
〈Γif,Γif〉A||1/2
Then
||
∑
i∈I
〈(Λi − Γi)f, (Λi − Γi)f〉A|| ≤M min {||
∑
i∈I
〈Λif,Λif〉A||; ||
∑
i∈I
〈Γif,Γif〉A||}
such that M = min(1+λ||B||
||C||
, (1 + ||D||
||A||
))

5. The dual of ∗-K-g-frames
We begin this section with the following definition.
Definition 5.1. .
Let K ∈ End∗A(H) and {Λi ∈ End∗A(H,Hi), i ∈ I} be an ∗-K-g-frame in
Hilbert A-module H with respect to {Hi, i ∈ I}. An ∗-K-g-Bessel sequences
{Γi ∈ End∗A(H,Hi), i ∈ I} is called a duals ∗-K-g-frame for {Λi}i∈I if Kf =∑
i∈I Λ
∗
iΓif for all f ∈ H .
Example 5.2. .
Let K∈ EndA∗(H) be a surjective operator and {Λi ∈ End∗A(H,Hi), i ∈ I} be
an ∗-K-g-frame in Hilbert A-module H with respect to {Hi, i ∈ I} with ∗-K-g-
frame operator S, then S is invertible (see theorem 3.3 [8]).
For all f ∈ H we have :
Sf =
∑
i∈I Λ
∗
iΛif .
So Kf =
∑
i∈I Λ
∗
iΛiS
−1Kf .
Then the sequence {ΛiS−1K ∈ End∗A(H,Hi), i ∈ I} is a ∗-K-g frame, is a duals
∗-K-g frame of {Λi ∈ End∗A(H,Hi), i ∈ I}
Theorem 5.3. .
Let {(Λi,Hi)}i∈I be a ∗-K-g frame in H with the pre-frame operator θ,
Let {(Γi,Hi)}i∈I be an arbitary dual ∗-K-g frames of {(Λi,Hi)}i∈I} with the
pre-frames operator η. then the following statements are true :
1) θ∗η = K.
2) Γi = Πiη for all i in I.
Proof. .
1) for f, g ∈ H we have :
〈θ∗ηf, g〉 = 〈ηf, θg〉 = 〈
∑
i∈I
Γif,
∑
i∈I
Λig〉
〈θ∗ηf, g〉 =
∑
i∈I
〈Γif,Λig〉 =
∑
i∈I
〈Λ∗iΓif, g〉
〈θ∗ηf, g〉 = 〈
∑
i∈I
Λ∗iΓif, g〉 = 〈Kf, g〉
then θ∗η = K.
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2) resulte immediatly from the definition

6. Tensor Product
In this section, we study the tensor product of the duals of ∗-K-g-frames.
Theorem 6.1. .
Let {Λi}i∈I and {Γj}j∈J are ∗-K-g-frame and ∗-L-g-frame respectively in H,
with duals {Λ˜i}i∈I and {Γ˜j}j∈J respectively, then {Λ˜i ⊗ Γ˜j}i,j∈I,J is a dual of
{Λi ⊗ Γj}i,j∈I,J.
Proof. .
By definition, ∀x ∈ H and ∀y ∈ K we have:
∑
i∈I
Λ∗i Λ˜ix = Kx
∑
j∈J
Γ∗j Γ˜jy = Ly
then :
(K ⊗ L)(x⊗ y) = Kx⊗ Ly =
∑
i∈I
Λ∗i Λ˜ix⊗
∑
j∈J
Γ∗j Γ˜jy
∑
i∈I
Λ∗i Λ˜ix⊗
∑
j∈J
Γ∗j Γ˜jy =
∑
i,j∈I,J
Λ∗i Λ˜ix⊗ Γ∗j Γ˜jy
∑
i∈I
Λ∗i Λ˜ix⊗
∑
j∈J
Γ∗j Γ˜jy =
∑
i,j∈I,J
(Λ∗i ⊗ Γ∗j).(Λ˜ix⊗ Γ˜jy)
∑
i∈I
Λ∗i Λ˜ix⊗
∑
j∈J
Γ∗j Γ˜jy =
∑
i,j∈I,J
(Λi ⊗ Γj)∗.(Λ˜i ⊗ Γ˜j).(x⊗ y)
then {Λ˜i ⊗ Γ˜j}i,j∈I,J is a dual of {Λi ⊗ Γj}i,j∈I,J 
Corollary 6.2. .
Let {Λi,j}0≤i≤n;j∈J be a family of ∗-Ki-g-frames, such 0 ≤ i ≤ n and {Λ˜i,j}0≤i≤n;j∈J
their dual, then {Λ˜0,j⊗Λ˜1,j⊗......⊗Λ˜n,j}j∈J is a dual of {Λ0,j⊗Λ1,j⊗......⊗Λn,j}j∈J .
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